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Fig. 1. This paper introduces a new integration-based parallel simulation framework leveraging projective dynamics (PD). It is well-known that PD converts

nonlinear elastodynamics simulation into a local-global optimization. While the local solve is highly parallelizable, the global solve in PD has always been the

bo�leneck. Even with pre-factorization, the forward and backward substitution of the global matrix remains costly for high-resolution models. We approach

the fast and parallel PD global solve from the perspective of integration: the exact global solve at each nodal unknown is the quotient between two volumetric

integrals. Based on this observation, we design a multi-level numerical quadrature algorithm aiming to accurately estimate the near-, middle- and far-field

integration sparsely. The teaser figure showcases a representative example. The branches of the tree consist of nearly 800K DOFs, with 23.5K leaves appended

to the branches. We use an auxiliary voxel grid to generate integration domains (as highlighted). Our new PD solver simulates this model interactively at

95 ms per time step (ΔC = 1/100 s).
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Projective dynamics (PD) is a popular framework for e�cient physical simu-

lation. However, its factorization-based global solve maps poorly to GPU

parallelization, while iterative alternatives often fail to converge e�ectively

for sti� or high-resolution models. This paper reformulates the PD global

solve by observing that its primary computational bottleneck lies in vector

dot products, which can be reinterpreted as discrete integrations over the

deformable body. The resulting integrand exhibits a Yukawa-like kernel

structure that peaks sharply at each mesh node and decays exponentially

with distance. Exploiting this prior, we partition the domain into near, mid-

dle, and far �elds around each node, and design a quadrature rule for each

that matches the local behavior of the integrand: an anisotropic Gaussian �t

with a closed-form integral in the near �eld, a low-order Gauss-Legendre

rule for the smoothed residual in the middle �eld, and a weighted k-means++

clustering with centroid-based quadrature in the irregular far �eld. This

integration perspective reveals an e�ective sparsity pattern that enables

both excellent parallelism and rapid convergence. Our algorithm also serves

as a strong preconditioner for collision-involved PD systems and delivers
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signi�cant speedup over existing PD solvers across a range of deformable

scenarios.
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Projective dynamics, Deformable model
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1 Introduction

Projective dynamics (PD) [Bouaziz et al. 2014] has emerged as a

popular framework for deformable simulation. It reformulates the

optimization into global-local alternating iterations, where the local

step is fully parallelizable. In the global step, the system matrix

remains constant as long as the constraint set is �xed, and can

be pre-factored. This design e�ectively avoids the overhead of re-

peated matrix factorizations compared with Newton-based algo-

rithms, making PD a favored choice for interactive physics-based

animation.

While the global matrix in PD may be pre-factored, the forward

and backward substitutions remain sequential and do not scale

well on the GPU as the total number of degrees of freedom (DOFs)

grows. As a result, the simulation quickly becomes prohibitive if

multiple PD iterations are needed. To address this, several GPU-

based schemes have been proposed to solve the global system inex-

actly, replacing the matrix factorization with parallelizable iterative

processes. Representative approaches include Chebyshev acceler-

ation [Wang 2015], colored Gauss-Seidel (GS) [Fratarcangeli et al.

2016], aggregated Jacobi [Lan et al. 2022], and quasi-Newton PD

methods [Li et al. 2023]. These methods su�er from poor conver-

gence when dealing with high-resolution models or sti�er scenarios.

In this paper, we revisit the procedure of the PD global solve.

While it appears to be a straightforward matrix inversion, we ob-

serve that its core computation, and the primary bottleneck, lies

in vector dot products. Interpreting the nodal values of a vector as

samples from an underlying continuous �eld, such a dot product

can be viewed as an integral over the entire simulation domain.

Building on this observation, we design a new parallel algorithm

similar to the classic Jacobi process, in which each per-node sub-

problem reduces to evaluating one such integral. By approximating

these integrals with a tailored sparse quadrature, a single Jacobi-like

iteration of our solver yields results comparable to those from a full

matrix factorization.

The key to our accelerated convergence is a sparse approximation

of the per-node integral in each Jacobi-like subproblem, where the

integral can be viewed as the response of the deformable body

to a unit impulse applied at the node. As the PD global matrix

closely resembles a shifted Laplacian operator, its impulse response

admits a Yukawa-like Green’s function, which peaks sharply at

the node and decays exponentially with distance. Exploiting this

structure, we partition the simulation domain into the near, middle,

and far �elds relative to the node, and design a quadrature rule

for each that matches the local behavior of the integrand. In the

near �eld, where the integrand inherits a sharp exponential peak,

we �t a small anisotropic Gaussian surrogate and use its integral

as an approximation. In the middle �eld, taken as a larger axis-

aligned box enclosing the near �eld, the residual after removing

the exponential peak exhibits only smooth variation, so a low-order

Gauss-Legendre rule su�ces. In the far �eld, the geometrically

irregular remainder outside the box, we precompute a weighted

k-means++ clustering of its connected components and emit a single

centroid-based quadrature point per cluster.

Algebraically, our method acts as a sparsi�cation strategy for dot

products. However, it is only by interpreting the problem through

the perspective of integration that an e�ective sparsity pattern can

be forged. In scenarios where collision-free systems can be resolved

in just one or two Jacobi-like iterations, our approach also serves as

a strong preconditioner for the system matrix during collisions, giv-

ing excellent convergence under general setups. We implemented

our framework and evaluated it across various deformable simula-

tion scenarios, where our method consistently achieves signi�cant

speedup over existing PD-based algorithms.

2 Related work

Simulating deformable bodies via discretizations of continuum me-

chanics has attracted signi�cant interest in the graphics community

since the pioneering work by Terzopoulos et al. [1987]. Subsequent

research has explored a wide range of topics, including nonlinear

elasticity models based on Finite Element Method (FEM) [Kikuuwe

et al. 2009; Sifakis and Barbič 2012], mass-spring systems for ef-

�cient and interactive cloth simulation [Bara� and Witkin 1998;

Provot 1995], meshless and particle-based methods for handling

large deformations [Desbrun and Gascuel 1996; Guo et al. 2025a],

propagation of fracture [O’Brien and Hodgins 1999; Shen and Yang

1998], as well as reduced-order and modal analysis techniques [Bar-

bič and James 2005; Choi and Ko 2005; Pentland and Williams 1989].

These approaches have been widely applied to character animation,

digital fashion design [Guo et al. 2025b,c], interactive simulation,

and related domains [Joshi et al. 2007; Waters 1987]. Time inte-

gration strategies evolve from explicit Euler schemes, which have

no stability guarantee under large timesteps [Press et al. 2007], to

the unconditionally stable implicit Euler methods. Instead of di-

rectly deriving forces, Martin et al. [2011] proposed an equivalent

non-convex optimization formulation using elastic potentials. This

optimization-based time integration framework has been extended

to handle contact by incorporating a barrier energy term [Li et al.

2020], and its computational performance has been signi�cantly

improved through GPU acceleration [Guo et al. 2024, 2026b].

A class of constraint-based methods emerged after the founda-

tional position-based dynamics (PBD) [Müller et al. 2007]. PBD

reformulates physical simulation by replacing internal forces with

geometric constraints that are directly enforced on particle positions.

Simulation is advanced through an explicit Euler prediction step

followed by iterative constraint projections, avoiding force integra-

tions and global linear system solves, which are often bottlenecks

of implicit-Euler-based methods. This design yields high computa-

tional e�ciency and robust stability under large time steps, making

PBD well suited for real-time applications. However, classical PBD

is largely heuristic and exhibits iteration-dependent sti�ness, where
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material rigidity is implicitly controlled by solver iterations and time

step size. Extended PBD (XPBD) [Macklin et al. 2016] addresses this

limitation by introducing compliance parameters that endow con-

straints with physical meaning and eliminate iteration dependence.

Building on XPBD, subsequent extensions such as XPBI [Yu et al.

2024] and MGPBD [Li et al. 2025] further expand the expressive-

ness of constraint-based solvers, by incorporating plasticity and

accelerating convergence via a multi-grid solver.

Building on optimization-based timestepping with a constraint-

based energy formulation, projective dynamics (PD) [Bouaziz et al.

2014] introduces an e�cient simulation framework that tackles

the nonlinear optimization problem by alternating local constraint

projections and global quadratic minimization. This optimization

structure endows PD with two key computational advantages: �rst,

the local solves are independent across constraints and thus trivially

parallelizable; second, the global quadratic surrogate energy induces

a constant Hessian, which can be exploited for e�cient linear solves

via prefactorization, or e�ective preconditioning in preconditioned

conjugate gradient (PCG) methods. Leveraging these properties,

several parallelized PD implementations have been developed, for

example using Jacobi-based Chebyshev iterations [Wang 2015], or

using Gauss-Seidel iterations with a DOF partition [Fratarcangeli

et al. 2016]. Subsequent works have further extended PD to support

additional energy models [Overby et al. 2017], incorporate model

reduction for real-time simulation [Brandt et al. 2018], or improve

parallelism on CPU [He et al. 2026; Lu et al. 2025] or GPU [Yuan

et al. 2026] through domain decomposition techniques.

Various extensions of PD have focused on robust collision and

contact handling, which is challenging as the addition or removal of

contact pairs changes the active constraints in the global quadratic

system. To address this problem, Ly et al. [2020] introduces an

integration scheme for non-penetration and dry friction constraints

assuming contacts occur only at nodes. To ensure penetration-free

simulation while maintaining e�ciency, Lan et al. [2022] integrates

incremental potential contact (IPC), a recent barrier-based contact

handling formulation, and employs an aggregated Jacobi (A-Jacobi)

solver for faster global solves. Li et al. [2023] further optimizes this

formulation by designing an e�ective subspace preconditioner for

cloth simulation.

In parallel to PD, another line of work investigates model reduc-

tion as an alternative approach to e�cient simulation. Rather than

simplifying energy formulation via a quadratic surrogate, model

reduction projects the global system matrix onto low-dimensional

subspaces that preserve the dominant deformation modes [Barbič

and James 2005; Choi and Ko 2005; Pentland and Williams 1989].

Although solving within the subspace signi�cantly reduces sys-

tem size, the projection onto the subspace still requires integration

over all elements. Moreover, an inappropriate choice of subspace

could also introduce severe artifacts such as locking or spurious

high-frequency responses, as the deformation is constrained to a

low-dimensional subspace, where geometric nonlinearity cannot be

fully captured [Guo and Rega 2023]. Constructing suitable subspaces,

for example using linear modal analysis, can also incur substantial

precomputation cost.

Several works have addressed these limitations. To avoid costly

integration when projecting onto the subspace, and ensure that

the integration scheme works for arbitrary mesh domains where

Gaussian quadrature does not necessarily apply [Hughes 2000], An

et al. [2008] introduces cubature sampling, which uses a data-driven

greedy algorithm to select a small subset of elements (cubature

points) and determine their associated weights for approximation

of reduced energy Hessian. Geometric nonlinearity can be better

captured using modal derivatives [Barbič and James 2005], geo-

metric modal derivatives [von Tycowicz et al. 2013], or dynamic

subspace adaptation [Teng et al. 2015]. Precomputation cost can also

be reduced by a careful selection of training deformations [Yang

et al. 2015]. Some prior works seek purely local update schemes that

combine the parallel local-solve structure of PD with the reduced

per-iteration cost characteristic of model reduction. Vertex Block

Descent (VBD) [Chen et al. 2024] performs per-vertex Gauss-Seidel

(GS) updates to directly minimize the global variational energy,

while its augmented Lagrangian extension (AVBD) [Giles et al. 2025]

improves robustness in the presence of constraints. More recently,

JGS2 [Guo et al. 2026a; Lan et al. 2025] introduces a corotated sub-

space formulation, in which per-node rigid rotations are factored

out, and local updates are applied in rotation-aligned coordinates.

Combined with a cubature-based sparse integration scheme, this

approach enables near-second-order convergence while retaining

high parallel e�ciency.

3 Preliminaries

We kick o� our discussion with a brief review of PD and Gauss-

Legendre quadrature, as they serve as the backbone of our frame-

work.

3.1 Projective dynamics

Given a time integration scheme such as implicit Euler, the elastody-

namics simulation can be formulated as a variational optimization

at each time step such that:

argmin
q
� =

1

2ΔC2
∥S 1

2 (q − q∗)∥2� + Ψ(q), (1)

where q ∈ R#×3 collects the unknown position vector along G , ~,

and I directions for the next time step.# denotes the total number of

nodes on the model. q∗ = q̂+ΔC ¤̂q+ΔC2S−1f4GC is a known variable

based on the previous nodal position q̂ and velocity ¤̂q. f4GC ∈ R#×3
is the known external force. S is the lumped mass matrix, and ΔC

the time step size. Ψ(q) is the elastic potential.
PD approaches the nonlinear optimization of Eq. (1) in a local-

global alternating manner, i.e., LG iterations, which assumes Ψ can

be approximated as a collection of quadratic constraint measures

such that Ψ(q) = 1
2

∑
9 F 9 | |G 9 Y 9q − H 9p 9 | |2. Here, Y 9 is a selection

matrix picking nodes pertaining to the 9-th constraint � 9 from q.

G 9 and H 9 are linear operators that map the positional DOFs of

q 9 = Y 9q and p 9 to the speci�c coordinates that � 9 measures. p 9 is

the slack variable of � 9 , i.e., the projection of q onto � 9 ’s manifold.

F 9 is the strength of the constraint. This assumption leads to the

local step problem of:

argmin
p 9

F 9

2
∥G 9 Y 9q − H 9p 9 ∥2� , s.t.� 9 (p 9 ) = 0. (2)
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It is noted that Eq. (2) can be trivially parallelized on the GPU as

each constraint � 9 is processed independently. Therefore, the local

step serves as the primary driver of performance for PD.

After all the slack variables p 9 are determined, the global step

solves for q through ∇q� = 0, which forms a linear system of:
(
S

ΔC2
+

∑

9

F 9 Y
⊤
9 G
⊤
9 G 9 Y 9

)

︸                             ︷︷                             ︸
N

q =
S

ΔC2
q∗ +

∑

9

F 9 Y
⊤
9 G
⊤
9 H 9p 9

︸                             ︷︷                             ︸
b

. (3)

Assuming the constraint set of the system is unchanged, N ∈ R#×#
is a constant and SPD (symmetric positive de�nite) matrix, and

can be pre-factorized. It is known that O3 ⊗ N functions as a good

approximation of ∇2� (O3 is the 3 × 3 identity matrix), and there-

fore PD can also be considered as a variation of the quasi-Newton

family [Liu et al. 2017]. For large-scale simulations, solving Eq. (3)

with a pre-factorized N remains expensive because forward and

backward substitutions are sequential.

3.2 3D Gauss-Legendre quadrature

Gauss-Legendre (GL) quadrature is a classical numerical integration

rule that constitutes an important component for the sparse integra-

tion scheme developed later. It estimates de�nite integrals over an

interval, i.e., [−1, 1] using a set of weighted samples:
∫ 1

−1 5 (G)dG ≈∑
F: 5 (G: ). If 5 (G) can be well approximated by a polynomial of

degree =, i.e., 5 (G) ≈ %= (G), Gauss-Legendre quadrature stands out
as one of the best performing numerical solutions for integrating

5 (G).
The quadrature nodes G: are the roots of Legendre polynomials:

!= (G) = 1
2==!

d=

dG=

(
G2 − 1

)=
, and F: =

2(
1−G2

:

) [
!′= (G: )

] 2 are the cor-

responding weights. Since the Legendre polynomial of degree = is

orthogonal to any polynomial of degree smaller than =, an =-point

rule exactly integrates polynomials of degree up to 2= − 1. Promot-

ing 1D integration to 3D is straightforward with Gauss-Legendre

quadrature. Consider the integration of a polynomial % (G,~, I) over
a 3D rectangular domain of � = [0G , 1G ] × [0~, 1~] × [0I, 1I]. By
applying an a�ne change of variables in each direction, the integral

can be mapped to the reference cube [−1, 1]3, and approximated via

the tensor product of the 1D rule as:

∫

�

% (G,~, I) dG d~ dI = �
∫ 1

−1

∫ 1

−1

∫ 1

−1
%̄ (G,~, I) dGd~dI

≈ �
=G∑

:G=1

=~∑

:~=1

=I∑

:I=1

F:GF:~F:I %̄ (G:G , ~:~ , I:I ), (4)

where %̄ denotes the integrand expressed in the reference coordi-

nates, and we have � = 1
8 (1G − 0G ) (1~ − 0~) (1I − 0I).

4 Second-order Jacobi for PD

We now focus on the global system of Nq = b . Here, we consider q

and b are # × 1 vectors representing a respective column in Eq. (3)

and partition this system block-wise as:
[
�8 h⊤8
h8 N8

] [
@8

q8

]
=

[
18
b8

]
, (5)

1.0

0.8

0.6

0.4

0.2

0.1

0.0

-0.1

Sti�ness = 1× 10
4
Pa Sti�ness = 1× 10

6
Pa

Sti�ness = 1× 10
8 Pa Sti�ness = 1× 10

10
Pa

Fig. 2. In our formulation, u (8 ) encodes the global system response under

a unit displacement enforced at node 8 , i.e., u (8 ) = [1, −h⊤8 N −18 ]⊤. This
response exhibits a kernel-like profile, providing a principled basis for strate-

gically sampling the integral
∫
D8 (x )1 (x )dx .

where �8 , @8 , and 18 are all scalars associated with the 8-th node.

Meanwhile, N8 , q8 , and b8 are the corresponding matrix and vector

blocks for all the other nodes. h8 ∈ R#−1 is a column vector.

Expanding the second line of Eq. (5) yields: q8 = N −18 (b8 − h8@8 ).
Substituting it back into the �rst line of the equation gives us:

(
�8 − h⊤8 N −18 h8

)
@8 = −h⊤8 N −18 b8 + 18 . (6)

The coe�cient
(
�8 − h⊤8 N −18 h8

)
is exactly the Schur complement of

N8 in N , and Eq. (6) solves for @8 by eliminating all the remaining

nodes from the global system. The name Jacobi therefore refers to

the parallel, per-node structure of the update rather than to an iter-

ative relaxation: unlike a Jacobi iteration, Eq. (6) is exact. De�ning

u (8) ∈ R# ≜ [1,−h⊤8 N −18 ]⊤ and reorganizing the terms, Eq. (6) can

be written as:
(
�8 −

(
h⊤8 N

−1
8

)
N8

(
N −18 h8

) )
@8 = −

(
h⊤8 N

−1
8

)
b8 +18 , or

simply:

@8 =
u (8)⊤b

u (8)⊤Nu (8) . (7)

The above equation forms the baseline for our parallel solver, as

one can verify that the resulting @8 is identical to the solution of

the direct solve. Since u (8) can be pre-computed for each node 8 ,

u (8)⊤Nu (8) can also be pre-computed (if the constraint set remains

unchanged). However, computing the inner product of u (8)⊤b at

runtime imposes practical challenges. u (8) is a dense vector, and
retrieving u (8)⊤b requires traversing all the nodes. For the global

solve, we need to perform such a traversal for every @8 . As a result,

the computational overhead of Eq. (7) is excessively heavy, making

it less helpful for high-resolution PD simulations.

5 From inner product to integration

In this paper, we revisit the inner product computation from an inte-

gration perspective by regarding a vector on a 3Dmodel as a discrete

representation of a continuous function sampled at nodal points.

Without prior knowledge of the function, a standard approach is to

partition the domain into subregions and employ piecewise linear or

constant approximations. This strategy forms the foundation of the

variational FEM [Bathe 2006], where nodal vectors are derived by
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element-wise integrating and node-wise lumping. In other words,

each nodal quantity represents a local integration over its surround-

ing region in the discrete setting. Analogously, the inner product of

two vectors, e.g., u (8)⊤b in Eq. (7), can be interpreted as the discrete

integral of the product of two continuous �elds, i.e., D8 (x) and 1 (x),
over the domain:

u (8)⊤b =

∑

:

D: (8)⊤1: =

∑

:

|Ω: |i (x: ) =
∫

Ω

i (x)dx, (8)

where |Ω: | represents the area or the volume of the :-th node, and

the nodal quantities of u (8) and b are D: (8) and 1: . i (x) stands for
the density of the product D8 (x)1 (x). It can be evaluated at the :-th

node as:

i (x: ) =
1

|Ω: |
D: (8)⊤1: . (9)

Eq. (9) de�nes i only at nodes, yet quadrature points do not

necessarily fall exactly on a node. We therefore need a continuum

extension of the inner product. In the spirit of the Riesz representa-

tion theorem [Brenner and Scott 2008], we de�ne the continuous

density as the interpolant of the nodal values in Eq. (9):

i (x) =
∑

:

#: (x) i (x: ), |Ω: | :=
∫

Ω

#: (x) dx, (10)

with #: the barycentric shape functions of the mesh and |Ω: |
the lumped nodal volume (or area). This choice reproduces the

inner product exactly: by linearity,
∫
Ω
i dx =

∑
: i (x: )

∫
Ω
#: dx =∑

: |Ω: |i (x: ), which is the last equality in Eq. (8). Evaluating i at

a non-nodal quadrature point then reduces to barycentric interpola-

tion over the enclosing element.

Without prior knowledge of the integrand i (x), an even and

dense domain partition for creating Ω: is an obvious option. How-

ever, in our case, this integrand is not arbitrary. Instead, it possesses

speci�c mathematical properties that can be exploited to simplify

the integration process signi�cantly.

Fig. 2 visualizes u (8) as a height �eld of the PD system for a square

elastic body under varying sti�ness. It represents the �eld D8 (x)
that peaks at node 8 with D8 (x8 ) = 1, decays smoothly with distance,

and �attens in remote regions. While 1 (x) is not explicitly known,

it comprises per-constraint responses
∑
9 F 9 Y

⊤
9 G
⊤
9 H 9p 9 damped by

the inertial term S
ΔC2

q∗ according to Eq. (3). Assuming elasticity sti�-

ness remains relatively uniform, it is reasonable to consider 1 (x) a
smooth function. Leveraging these spatial priors of the integrand, we

design a multi-level quadrature rule to accelerate the computation

of u (8)⊤b using di�erent integration strategies for the near, middle,

and far �elds relative to node 8 . This distance-graded strategy is

philosophically analogous to the Barnes-Hut algorithm [Barnes and

Hut 1986], which likewise resolves nearby contributions individu-

ally while summarizing distant clusters by single representatives.

This quadrature scheme is agnostic of 1 (x). As long as 1 (x) does
not signi�cantly alter the polynomiality of D8 (x)1 (x), the integral∫
i (x)dx can be accurately obtained with (very) sparse samples.

Normally, the so-called polynomiality refers to how well i (x) is
approximated by a polynomial function of a certain degree. Be-

cause any smooth function can be Taylor expanded, we use the

polynomiality of i (x) to indicate the order of its approximating

polynomial.

5.1 Near-field quadrature

As illustrated in Fig. 2, the region immediately surrounding node

8 , denoted as Ω=40A (8), constitutes the most critical domain for the

integral
∫
i (x)dx . Although smooth, i (x) exhibits high-frequency

components in the near �eld, making standard GL quadrature sub-

optimal unless high-order rules are employed. In 3D settings, the

computational cost escalates cubically with the quadrature order.

For instance, increasing from a 3-point to a 4-point GL rule raises the

required samples from 27 to 64. This complexity suggests that poly-

nomials are not the most e�cient surrogates for i (x) in Ω=40A (8).
Instead, we propose an exponential surrogate, which achieves high

integration accuracy with signi�cantly fewer quadrature points.

5.1.1 Local exponential decay. It is known that the PD global system

matrix of Eq. (3) closely resembles a shifted Laplacian operator T in

the form of [Brenner and Scott 2008]:

N � T = U I − V Δ, (11)

where U, V > 0; I is the identity operator; and Δ is the Laplacian

operator. Recalling that u (8) = [1,−h⊤8 N −18 ]⊤, it is straightforward
to verify that u (8) satis�es the following equilibrium:

Nu (8) =
[
�8 h⊤8
h8 N8

] [
1

−N −18 h8

]
= l (8) =

[
;8
0

]
. (12)

Here, l (8) ∈ R# is a loading vector with a single nonzero entry ;8 at

node 8 . This suggests that u (8) can be viewed as the impulse response

of the discrete system characterized by N . Given the similarity of N

and T, we infer the pattern of u (8) through examining the behavior

of T under the external impulse applied at x8 :

Nu (8) = l (8) � TD̃8 (x) = X (x − x8 ), (13)

where X is the Dirac delta function. In 3D free space, D̃8 admits a

closed-form Green’s function [Han and Yin 2026]:

D̃8 (x) =� (∥x − x8 ∥) =� (A ) =
1

4cVA
4−A/_, (14)

where _ =

√
V
U
, and A = ∥x − x8 ∥ is the distance from the impulse

position.� (A ) is also known as the Yukawa kernel, which prescribes

an exponential decay of the impulse response. For a su�ciently small

near �eld |Ω=40A (8) | → 0, we have D8 (x) → D̃8 (x).

5.1.2 Near-field integration via Gaussian fit. If D8 �ts the Yukawa

kernel well per Eq. (14) for x ∈ Ω=40A , it is then reasonable to

assume that i can be better approximated by a Gaussian than by

a polynomial. For each node 8 , we de�ne its near �eld Ω=40A (8) as
an axis-aligned rectangular region that spans

[
G8,G − �=40A−8,G , G8,G +

�=40A+8,G

]
×
[
G8,~−�=40A−8,~ , G8,~+�=40A+8,~

]
×
[
G8,I−�=40A−8,I , G8,I+�=40A+8,I

]
.

We defer the detailed discussion of the partitioning process for the

near-�eld domain Ω=40A (8) to Sec. 5.4. The inner product u (8)⊤b
withinΩ=40A (8) is then estimated via a de�nite integral of a surrogate

function ĩ=40A such that
∫
Ω=40A (8 ) idx ≈

∫
Ω=40A (8 ) ĩ=40Adx , where

the surrogate is an anisotropic 3D Gaussian �8 , de�ned as:

ĩ=40A (x) =�8 (x) = �8
∏

U∈{G,~,I}
4
−(GU −G8,U )2/f28,U . (15)
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The near-�eld integration has a closed-form approximation of:

∫

Ω=40A (8 )
i (x)dx ≈

∫

Ω=40A (8 )
ĩ=40A (x)dx =

∫

Ω=40A (8 )
�8 (x)dx

=
�8 c

3
2

8

∏

U∈{G,~,I}
f8,U

[
erf

(
�=40A+8,U

f8,U

)
+ erf

(
�=40A−8,U

f8,U

)]
, (16)

where erf (G) is the error function, whose evaluation is given by

erf (G) = 2√
c

∫ G
0
4−C

2
dC . In other words, we need to compute 4 kernel

parameters (�8 , f8,G , f8,~, f8,I), and the near-�eld inner product can

be analytically obtained without iterating all the nodes in Ω=40A .

These unknown Gaussian parameters are determined at runtime

via an augmented least-squares �tting:

min
�8 ,f8,G ,f8,~ ,f8,I

∑

xB ∈S8

(
�8 (xB ) − i (xB )

)2 + `
∑

x5 ∈F8
�2
8 (x 5 ) . (17)

The target function i (xB ) is queried via Eq. (9) at a set of sample

nodes S8 . This set always includes the current node 8 , while the

remaining nodes are selected within Ω=40A using Farthest Point

Sampling (FPS) [Gonzalez 1985] with the geodesic distance metric.

In our implementation, we set |S8 | = 8 to ensure the �tting problem

in Eq. (17) is slightly over-constrained.

The second term in Eq. (17) serves as a smoothing penalty. As

discussed later in Sec. 5.2, our near-�eld integration is actually

superposed with a GL quadrature-basedmiddle-�eld integration.We

set ` = 100, i.e., two orders of magnitude larger than the maximum

value of |D (8) | to ensure that the residual i (x) − �8 (x) remains

smooth over Ω<833;4 , which e�ectively improves the accuracy of

low-order GL integration (e.g., see Fig. 3, right column). This penalty

strongly damps the Gaussian surrogate near the boundary between

Ω=40A and Ω<833;4 . Hence, F8 consists of six nodes near the centers
of the six faces of Ω=40A .

Although the least-squares �tting in Eq. (17) appears complex, it

only requires solving a 4-DOF linear system for (�8 , f8,G , f8,~, f8,I)
by sampling a small number of function values at nodes in S8 and F8 .
We implement a hand-coded Cholesky factorization, which requires

only a few dozen �oating-point operations for a 4 × 4 system. In

contrast, Ω=40A can house hundreds or even thousands of nodes

for high-resolution models. A brute-force inner product within this

domain becomes several times more expensive than our �tting-

based approach.

5.2 Middle-field quadrature

The near-�eld Gaussian integration e�ectively tackles the most

salient geometric features near the peak of node 8 . Once this peak

is taken care of, the remaining in�uence of i , as observed in Fig. 2,

becomes smooth enough to be well-suited for a single low-degree

polynomial approximation. Consequently, instead of subdividing

Ω<833;4 \ Ω=40A into multiple box-shaped domains for piecewise in-

tegration [Guo et al. 2026a], we employ a more e�cient strategy that

performs sparse quadrature over the middle �eld that encompasses

the near �eld (i.e., Ω=40A ⊂ Ω<833;4 ), leveraging the GL rule dis-

cussed in Sec. 3.2. This avoids unnecessary computational overhead

of managing multiple rectangular sub-regions while maintaining

high integration accuracy.
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Fig. 3. We show a representative 1D example of the proposed middle-field

integration using the stacking GL rule. The target function i , peaking at

G = 0, is the analytic 1D solution to Eq. (14), regularized to avoid singularity.

The middle-field domain Ω<833;4 is normalized to [−1, 1], where the gray
region denotes Ω=40A . Within Ω=40A , i is approximated by a Gaussian

�8 via the least-squares fi�ing in Eq. (17). Therefore,�8 vanishes outside

Ω=40A . The integral of the residual, i.e., the di�erence between i and �8

over Ω<833;4 , is then estimated using low-order GL quadrature. The middle

row plots the residual i −�8 across Ω<833;4 . Notably, the penalty term in

Eq. (17) e�ectively smoothens this residual. We also visualize the polynomial

surrogates corresponding to the 3-point and 4-point GL rules. Compared to

plain GL quadrature or Gaussian-only fi�ing, as shown in the bo�om row,

the stacking GL rule yields lower integration error.

We refer to our middle-�eld quadrature as the stacking GL rule be-

cause Ω<833;4 contains Ω=40A , the contribution of which has already

been evaluated via Eq. (16). Speci�cally, Ω<833;4 is an axis-aligned

box with dimensions of
[
G8,G −�<833;4−8,G , G8,G +�<833;4+8,G

]
×

[
G8,~ −

�<833;4−8,~ , G8,~ + �<833;4+8,~

]
×

[
G8,I − �<833;4−8,I , G8,I + �<833;4+8,I

]
. It

fully encloses Ω=40A . To avoid overcounting, the target function

within Ω<833;4 is de�ned as the piecewise function:

ĩ<833;4 (x) =
{
i (x) −�8 (x), x ∈ Ω=40A ,
i (x), x ∈ Ω<833;4 \ Ω=40A .

(18)

Speci�cally, this middle-�eld quadrature approximates the integral

over Ω<833;4 by excluding the contributions already accounted for

by the near-�eld Gaussian surrogate �8 .

The incorporation of the penalty term `
∑
�2
8 (x 5 ) in Eq. (17)

now becomes evident. Assuming i is smooth, the term i (x) −
�8 (x) remains smooth within Ω=40A . Consequently, any potential

discontinuity in ĩ<833;4 (x) must occur at the boundary mΩ=40A . To

improve the accuracy of the middle-�eld low-order GL quadrature,
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we minimize the cross-domain jump:
∫

mΩ=40A

( (
i (x) −�8 (x)

)
− i (x)

)2
dx =

∫

mΩ=40A

�2
8 (x)dx . (19)

A representative 1D example is illustrated in Fig. 3, highlighting

the e�ectiveness of our stacking quadrature strategy for kernel-

shaped functions. Since the peak region is accurately captured by

the Gaussian �t, a low-order GL rule is su�cient to estimate the

integral of the residual function, i − �8 . This approach achieves

signi�cantly higher integration accuracy than vanilla GL quadrature

while using far fewer quadrature samples.

The contribution from Ω<833;4 (8) to u (8)⊤b can then be approx-

imated via applying the GL quadrature rule (i.e., Eq. (4)) within

Ω<833;4 :

∫

Ω<833;4

ĩ<833;4dx ≈ �
=G∑

:G=1

=~∑

:~=1

=I∑

:I=1

F:GF:~F:I ĩ<833;4
(
/:G:~:I

)
,

(20)

where � = 1
8 (�<833;4−8,G +�<833;4+8,G ) (�<833;4−8,~ +�<833;4+8,~ ) (�<833;4−8,I +

�<833;4+8,I ). The function ĩ<833;4 is queried piecewise according to

Eq. (18), depending on the positions of the GL quadrature samples.

In practice, we �nd that setting =G = =~ = =I = 3 provides su�cient

accuracy. Notably, the weight coe�cients and sample positions for

the GL quadrature are analytically available. Therefore, our method

requires no additional runtime computation beyond querying the

target function values at these sample points.

The positions of GL quadrature points /:G:~:I are determined by

the tensor-product rule on Ω<833;4 and therefore do not generally

coincide with mesh nodes. We thus sample the interpolant �eld

in Eq. (10) for these o�-node quadrature points. As Ω<833;4 (8) is
�xed throughout the simulation, both the enclosing element and

barycentric weights can be determined at precomputation time.

5.3 Far-field quadrature

The Gaussian kernel �t and GL quadrature together accurately cap-

ture the contribution in the neighborhood around node 8 . What

remains is an even smoother residual over the rest of the geome-

try Ω5 0A (8) = Ω \ Ω<833;4 (8). Ω5 0A (8) is often irregular due to the

carved-out rectangular box of Ω<833;4 . This geometric irregularity

precludes the use of rules that require a simple domain, such as

GL. We therefore resort to a clustering algorithm that places no

restrictions on the domain geometry to approximate
∫
Ω5 0A

i (x)dx ,
as each cluster, together with its data points and centroid, induces a

quadrature scheme.

Clusters are formed during precomputation. We �rst partition

Ω5 0A (8) into maximal face-connected components {Ω (ℓ )
5 0A
(8)}!ℓ=1 via

breadth-�rst search, and then form clusters independently within

each component. This ensures that every centroid lies inside its

associated cluster, which would not hold were a cluster allowed to

span disconnected components. Within each connected component

Ω
(ℓ )
5 0A
(8), ℓ clusters are formed by applying the weighted k-means++

algorithm [Arthur and Vassilvitskii 2007]. The data points are the

nodes in Ω
(ℓ )
5 0A
(8), and the weights are the absolute values of the

corresponding entries of u (8). Seeding picks the highest-weight

node as the �rst centroid; and each subsequent centroid is sampled

Near field

Middle field

Node i

Closeup

Mesh + Voxels

Fig. 4. For a given node 8 , a seed voxel is expanded into a maximal rectan-

gular volume to form the middle-field Ω<833;4 , capturing up to 90% of the

cumulative influence
∫
Ω
l8 (b )db . The near-field Ω=40A is defined as the

nested sub-domain capturing 70% of this influence, while the far-field Ω5 0A

(not explicitly boxed) comprises the remaining irregular domain of residual

voxels. The closeup illustrates the alignment of the cuboid expansion with

the underlying voxelized mesh structure.

from the remaining nodes with probability proportional to the prod-

uct of the node’s weight and the squared geodesic distance to its

nearest existing centroid. Lloyd iterations then alternate between

assignment and weighted-mean updates until convergence.

Based on the resulting clusters, we de�ne a quadrature rule using

the Lloyd-converged centroids. A natural choice of quadrature point

is the node c
(ℓ )
:

closest to the centroid of C (ℓ )
:

, the :-th cluster in

Ω
(ℓ )
5 0A
(8). The contribution from Ω5 0A is then approximated as

∫

Ω5 0A

i (x)dx ≈
!∑

ℓ=1

 ℓ∑

:=1

���C (ℓ )
:

���i
(
c
(ℓ )
:

)
, (21)

where
��C (ℓ )
:

�� denotes the volume of cluster C (ℓ )
:

, computed as the

sum of the lumped volumes of its constituent nodes. We �nd that a

total of
∑
ℓ  ℓ = 8 clusters, allocated across connected components

in proportion to their volumes, are in general su�cient.

5.4 Integration domain partition

The near, middle, and far �elds for each node are de�ned using a

series of nested cuboid domains. First, the axis-aligned bounding

box (AABB) of the input mesh is partitioned into an �G × �~ × �I
voxel grid with a resolution of 1/ℎ. Voxels intersecting the mesh

volume or surface are assigned a value of flag = 1 (Alg. 1, lines

2–4), while all others are set to 0. Each node 8 is associated with a

speci�c voxel E (where flag = 1), which serves as the seed for a

cuboid domain. Following [Guo et al. 2026a], the in�uence magnitude

from node 9 to node 8 is de�ned as l8 (x 9 ) = |D (8, 9) |, where D (8, 9)
denotes the 9-th entry of u (8). For any point within a volumetric

element (such as a tetrahedron or hexahedron), this in�uence is
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evaluated via barycentric interpolation of the discretized l8 values.

The cumulative in�uence over the entire domain Ω is given by the

integral
∫
Ω
l8 (b)db . This seed is greedily expanded along its axes

to form a maximal rectangular volume of voxels that all maintain

flag = 1 (Alg. 1, lines 7–13), but not larger than 90% of the cumula-

tive in�uence (Fig. 4, upper right, pink box). This expanded volume

is designated as Ω<833;4 , and it contains the near-�eld region Ω=40A ,

which is de�ned later. Accordingly, the near-�eld Ω=40A is identi-

�ed as the region within Ω<833;4 that captures a speci�c fraction of

the cumulative in�uence, satisfying
∫
Ω=40A

l8 (b)db = 0.7
∫
Ω
l8 (b)db

(Fig. 4, upper right, blue box). Finally, Ω5 0A is de�ned as the remain-

ing domain (Alg. 1, line 16). Ω5 0A is highly irregular and is composed

of the residual voxels.

Algorithm 1: Field domains generation for node 8

Input: Input meshM, node 8 , resolution 1/ℎ, in�uence function l8

Output: Domains Ω=40A , Ω<833;4 , Ω5 0A

// Stage 1: Voxelization and domain initialization

1 V← Partition(AABB(M), �G × �~ × �I ) ;
// Define the entire valid domain

2 Ω ← {E ∈ V | E ∩ M ≠ ∅};
3 foreach E ∈ V do

4 E.flag← (E ∈ Ω) ? 1 : 0;
// Stage 2: Middle-field via greedy expansion

5 EB443 ← {E ∈ Ω | 8 ∈ E};
6 Ω<833;4 ← {EB443 };
7 while ∃ axis expansion possible for Ω<833;4 do

8 0∗ ← argmax0∈{G,~,I} Area(CrossSection(Ω<833;4 , 0) ) ;
9 foreach 3 ∈ {+, −} along 0∗ do
10 S20=3 ← adjacent slice of Ω<833;4 in direction 3 ;

11 if ∀E ∈ S20=3 , E.flag = 1 then

12 Ω<833;4 ← Ω<833;4 ∪ S20=3 ;
13 break;

// Stage 3: Near-field constraint

14 �C>C0; ←
∫
Ω
l8 (b )db ;

15 Identify Ω=40A ⊆ Ω<833;4 such that
∫
Ω=40A

l8 (b )db = 0.7�C>C0; ;

// Stage 4: Far-field residual

16 Ω5 0A ← Ω \ Ω<833;4 ;

17 return Ω=40A ,Ω<833;4 ,Ω5 0A ;

6 Global solve with collisions

The discussion so far assumes the constraint set of the PD system re-

mains unchanged during the simulation. However, this assumption

no longer holds when collisions and contacts are present. Conse-

quently, the proposed quadrature rule cannot be applied directly.

To address this, we propose a novel nested preconditioning algo-

rithm. This algorithm utilizes our collision-free second-order Jacobi

procedure of Eq. (7) as a matrix-free preconditioner for Conjugate

Gradient (CG) to solve the global step with a varying N .

At each time step, we warm-start the system by assuming all con-

tacts from the previous step are resolved. While typical warm-start

strategies advance the system using an explicit or semi-implicit step

[Wang and Yang 2016], our second-order Jacobi method is e�cient

and requires less than one millisecond even for high-resolution mod-

els. We therefore utilize a full collision-free solve Nq = b as a more

e�ective warm-start mechanism. Following collision detection, if

active constraints are identi�ed, we solve an updated global system:

(N + ΔN ) (q + Δq) = b + Δb, (22)

where ΔN and Δb account for the contributions from all detected

collisions and contacts. With q obtained at the warm-start stage,

we solve for the corrective increment Δq to accommodate newly

identi�ed constraints:

(N + ΔN )Δq = Δb − ΔNq. (23)

Our method is compatible with various collision detection algo-

rithms. Onemay employ discrete collision detection (DCD) to project

constraints based on penetration depth [Chen et al. 2023], or contin-

uous collision detection (CCD) to resolve constraints when surface

primitives are within a speci�ed proximity [Lan et al. 2022; Li et al.

2020].

6.1 Contact constraints and their diagonalization

Within the PD framework, collisions are addressed by introducing

unilateral constraints that enforce a non-negative distance between

contact pairs. Let a2 and b2 be the contacting points at each col-

liding primitive for the 2-th collision pair, and n2 be a unit vector

representing the collision normal. The constraint manifold is simply

32 = n⊤2 (a2 − b2 ) ≥ 0.

Consider a point-triangle contact involving four nodes q2 = Y2q ∈
R
4×3, where the �rst row q0 contains the coordinates of the colliding

point and the other three rows q1, q2, q3 denote the triangle vertices.

The local problem associated with this constraint boils down to:

arg min
?2 ≥n

Ψ2 , Ψ2 =
F2

2
("Y2qn2 − ?2 )2 , (24)

where " = [1,−U1,−U2,−(1 − U1 − U2)] ∈ R
1×4 is a row vector

encoding the barycentric coordinates of the contact point b2 on the

triangle. For an edge-edge contact, " = [U, (1−U),−V,−(1−V)].F2
is the sti�ness or weight of the collision constraint, and n ≥ 0 is the

separation threshold. The optimal auxiliary variable ?2 is obtained

by projecting the current signed distance onto the feasible set:

?2 =max {"Y2qn2 , n} . (25)

The contribution of this constraint to the global system matrix ΔN2
and the right-hand side vector Δb2 can be explicitly derived as:

ΔN2 =F2
(
Y⊤2 "

⊤"Y2
)
, Δb2 =F2

(
Y⊤2 "

⊤?2
)
n⊤2 . (26)

Eq. (26) constructs a 4 × 4 stencil for each collision constraint,

which is then scattered into the global matrix via Y2 . This inevitably

introduces o�-diagonal entries to ΔN , resulting in a sparsity pattern

less friendly for Jacobi-style solvers. Furthermore, since ΔN is not

guaranteed to be diagonally dominant, the e�ectiveness of Jacobi

preconditioning becomes questionable. These numerical limitations

motivate us to adopt an alternative collision projection formulation

that ensures ΔN remains strictly diagonal.

Concretely, the collision penalty is de�ned based on the squared

Euclidean distance between q2 and p2 instead of on penetration
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depth or separating distance along the collision normal. The local

problem is thus re-formulated as:

argmin
p2

Ψ̃2 , Ψ̃2 =
F2

2
∥Y2q − p2 ∥2� s.t.p2 is penetration-free. (27)

In this formulation, the auxiliary variable p2 ∈ R4×3 represents a
set of nodal positions that are proximal to Y2q while satisfying the

non-penetration condition. For point-triangle or edge-edge contacts,

p2 is e�ciently obtained by projecting the current con�guration

Y2q onto the best-�tting plane formed by four participating nodes.

The correspondingG 9 andH 9 as in Eq. (2) are all identity matrices,

and its contribution to the global matrix becomes:

ΔN2 =F2
(
Y⊤2 Y2

)
. (28)

Since Y2 is a selection matrix, ΔN2 is diagonal.

Explicitly setting G 9 and H 9 as identity matrices as in Eq. (27)

improves the sparsity of the global system. On the downside, con-

verting geometric constraints into point-wise distance penalties

does not eliminate the nullspace of the constraint manifold, which

results in a slower convergence rate. In contrast, the formulation

in Eq. (26) converges signi�cantly faster but generates o�-diagonal

non-zeros, making the solver less compatible with Jacobi-style paral-

lelism. Our strategy borrows the best from both: we exploit Eq. (27)

as a preconditioning operator to solve Eq. (23), where ΔN is assem-

bled with Eq. (26).

Algorithm 2: Nested preconditioned CG

Input: Ñ , b̃ , P2 , P4 , :2 , :4
Output: Δq

// Δq is initialized as a zero vector

1 Δq0 ← 0;

2 r0 ← b̃ ;

// r̃ is the preconditioned residual

3 r̃0 ← P
:4
4

[
P
:2
2 (r0 )

]
;

// s is the preconditioned conjugate vector

4 s0 ← r̃0;

5 : = 0;

// Convergence check based on raw residual

6 while ∥r:+1 ∥ > 10−4 and : ≤ 2 do

7 U: ←
r⊤
:
r̃:

s⊤
:
Ñ s:

;

8 Δq:+1 ← Δq: + U:s: ;
9 r:+1 ← r: − U: Ñ s: ;

10 r̃:+1 ← P
:4
4

[
P
:2
2 (r:+1 )

]
;

11 V: ←
r⊤
:+1 r̃:+1
r⊤
:
r̃:

;

12 s:+1 ← r̃:+1 + V:s: ;
13 : ← : + 1;
14 return Δq:+1;

6.2 Nested preconditioning

We now have two e�ective numerical tools to handle elasticity and

contact independently. First, the second-order Jacobi solver with

mixed quadrature (Sec. 4) provides a highly e�cient framework

for collision-free cases. Second, by using a point-wise penalty for-

mulation, we can diagonalize the matrix increments for contact

constraints, making the subproblem Jacobi-friendly. The challenge

is to integrate these treatments into the contact-aware PD system.

Our goal is to maximize parallelism while maintaining the fast con-

vergence associated with the original geometric formulation, i.e.,

using Eq. (26).

Our baseline solution to Eq. (23) is CG since ΔN varies under

di�erent collision con�gurations, and precomputed quadratures are

not directly helpful. As mentioned, we employ the second-order

Jacobi and diagonalized contact as two preconditioning operators

during CG iterations. It is known that the preconditioned CG can

be more e�ective than regular CG if the preconditioning matrix

V captures the essential spectral feature of the system matrix. It

converts Eq. (23) to:

ÑΔq = b̃ → VÑΔq = Vb̃, (29)

where Ñ = N + ΔN , and b̃ = Δb − ΔNq. A good preconditioner

yields a condition number ^ (VN ) much lower than ^ (N ), thereby
accelerating the convergence of CG iterations, which follows the

rate of d =

√
^−1√
^+1 . Designing a preconditioner that is both e�ective

and computationally e�cient is non-trivial. In graphics, a common

practice is to use the inverse of the diagonal or diagonal blocks

of the system matrix for GPU-based CG [Guo et al. 2024; Huang

et al. 2024], or incomplete Cholesky factorization for CPU-based

implementations [Bara� and Witkin 1998].

We precondition Eq. (23) using two operators, namely P2 and P4 .

The contact preconditioning operator P2 is de�ned as:

P2 (q̃) = argmin
q

1

2ΔC2
∥S 1

2 (q − q̃)∥2� + Ψ̃2 (q) . (30)

In this formulation, P2 takes q̃ as input and outputs q by solving a

simpli�ed variational problem that includes only the inertia term

and the diagonalized collision potential Ψ̃2 using PD. Because the

global matrix of Eq. (30) is diagonal, it can be solved by a single

Jacobi iteration. In other words, P2 mimics the collision response

of the system without considering the elasticity. While Ψ̃2 is less

accurate compared with using Ψ2 , its fully diagonal Hessian eases

the computation. In our implementation, we apply :2 LG iterations,

denoted as P:22 (q̃). After each LG iteration, we update p2 for each

contact constraint to adjust the best-�tting penetration-free position

for each contact node.

The second operator, P:44 , is embodied by the collision-free PD

solve using second-order Jacobi iterations and mixed quadrature,

executed for :4 LG iterations. Notably, both P2 and P4 are de�ned

as nonlinear procedures rather than explicit matrices. However, like

a standard matrix-based preconditioner V , they map an input vector

to a �ltered output vector. Our �nal preconditioning operator for

Eq. (23) is de�ned as the composition of these two steps:

P(·) ≜ P
:4
4

[
P
:2
2 (·)

]
. (31)

This operator replaces the traditional matrix multiplication Vr used

to modify residual and conjugate vectors in standard CG. The

pseudo-code for our nested preconditioning scheme is provided

in Alg. 2. In our implementation, the PCG does not use more than

three iterations, and we have :2 = 3 and :4 = 1.
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Fig. 5. We evaluate the integration accuracy of our stacking GL quadrature rule on two representative 1D integrands: a Gaussian-like regularized solution of

Eq. (14) (le� half) and an oscillatory variant (right half). Dashed lines visualize what the GL rule e�ectively integrates. Gaussian fi�ing domain for stacking GL

rule is shaded, and absolute fi�ing error is indicated for each rule. The representative example for both cases (top) demonstrates the failure cases of other

immediate alternative integration strategies: plain GL incurs large error at the spike; stacking GL rule, without boundary penalty, produces a jump at the fit

boundary that contaminates the subsequent GL stage; and the Gaussian kernel alone cannot resolve sign changes. We further sweep the impulse center across

the domain and plot the quadrature error for all strategies (bo�om). Plain GL rule is highly volatile and sensitive to the target function; and stacking GL rule

with penalty gives the best accuracy on both integrands.

7 Experimental results

We implemented the proposed framework on a desktop computer

with an AMD Ryzen 9 9950X CPU and an NVIDIA GeForce RTX
4090 GPU. The pre-computation of u (8) is performed on the CPU

using Eigen and MKL, requiring less than 10 minutes in general;

while the simulation is executed on the GPU. Tab. 1 summarizes the

experimental setup and timing statistics for the examples.

Although the denominator u (8)⊤Nu (8) of Eq. (7) can be pre-

computed exactly, in all the experiments below we evaluate it at

runtime with the same multi-level quadrature rule used for the nu-

merator, so that the two estimates carry a consistent integration

error that is important for the convergence of our method.

7.1 Integration accuracy

We �rst evaluate the e�ectiveness of our integration strategy against

the reference function from Eq. (14), regularized through smoothing

by a sharp hat function so that no singularities exist. We also evalu-

ate against a variant where the � (A ) is multiplied by a sinusoidal

term, which preserves the envelope while introducing sign changes.

As Eq. (14) only admits an analytic solution in free space, we apply

the method of images for an approximation [Evans 2010]. As shown

in Fig. 5, plain GL rules fail to resolve the exponential spike, leading

to high sensitivity to the peak position, and high integration errors;

and stacking GL rule, without penalty on Gaussian �tting domain

boundary, yields large jumps on the boundary, which harms the

accuracy of subsequent application of GL rule on the �tting residual.
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Fig. 6. We perform the same accuracy evaluations in 2D. The target i (G, ~) , as tensor product of the 1D target in Fig. 5, is approximated by three strategies:

stacking GL rule with and without boundary penalty; and a single Gaussian kernel. Each fi�ed surface is shown in the top row; and the quadrature residue,

demonstrated via the di�erence between the target and the fi�ed Gaussian and the e�ective integrand of GL rule if applicable, is shown in the bo�om row.

Gaussian fi�ing sample points and GL rule quadrature points are highlighted with filled circles, and boundary-penalty constraint points are indicated by ring

markers. Stacking GL rule with penalty distributes the fi�ing error evenly over the domain, resulting in less quadrature error compared to the other two

strategies.

We then conduct the same comparison in the 2-dimensional sce-

nario. From Fig. 6, the tensor-product structure of the target kernel

produces a sharper decay compared to the 1-dimensional case. Here,

plain Gaussian �tting and stacking GL rule su�er from the same

issue: without constraint from the penalty, the Gaussian kernel �t-

ted from a handful of samples captures the exponential decay away

from the center poorly. The residual thus preserves the exponential

decay structure, which GL rule cannot resolve. The penalty formu-

lation in our quadrature scheme ensures a smoother residual and

thus less quadrature error.

7.2 Ablation study

Near-�eld Gaussian �t vs GL quadrature. The near-�eld is themost

critical domain for the application of the Gaussian �t. We conducted

an ablation study comparing the near-�eld Gaussian �t against

Gauss-Legendre (GL) quadrature. When a sharp external force is

applied, i (x) exhibits high-frequency components in the near �eld,

causing standard GL quadrature to become a poor approximation

for
∫
Ω=40A

i (x)dx . Throughout this subsection, “residual” refers

to the relative residual of the linear solve, ∥e [; ] ∥2/∥e [0] ∥2, where
e [; ] = b − Nq[; ] is the residual at the end of the ;-th iteration.

As illustrated in Fig. 7, our Gaussian �t demonstrates signi�cantly

higher e�ciency compared to the GL quadrature (4-point rule). For

instance, at Frame 100, where the armadillo undergoes extreme

deformation due to dragging, the Gaussian �t converges in only
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Fig. 7. In the near field, where i (x ) exhibits high-frequency components,

the Gaussian fit (blue) provides a superior approximation compared to the

standard GL quadrature (orange), which su�ers from reduced accuracy in

this critical domain.

37 ms, whereas GL quadrature requires 127 ms. This performance

gap becomes even more pronounced at Frame 113 during the rapid

“bounce-back” phase; here, the Gaussian �t reaches convergence in

77 ms, while GL quadrature takes 293 ms, nearly four times longer.

Near-middle stacking vs non-stacking. An alternative strategy in-

volves expanding outward from the six faces of Ω=40A and perform-

ing quadrature over these non-overlapping boxed sub-regions using
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Fig. 8. Octopus simulation convergence plots show our stacking approach

(blue) outperforms non-stacking subdivision (orange). By using a globally

smooth residual i −�8 , our method hits 10−4 residual in two iterations.
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Fig. 9. (Top) Iteration counts across three representative dragon scenarios (A,

B, and C) under varying domain configurations. The near-field coverage (le�)

is the most critical parameter, with 70% coverage consistently providing the

fastest convergence; performance degrades at both lower (60%) and higher

(80%) thresholds. In contrast, the middle-field expansion (center) and far-

field cluster count (right) showminimal impact on iterations, indicating high

robustness to parameter selection in these domains. (Bo�om) Visualizations

of the dragon models in various contact configurations corresponding to

the test cases. “Middle = 90%+” denotes maximal expansion.

Drag (error: 17%) Release (error: 6%) Drag (error: 23%) Release (error: 11%)
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Fig. 10. Magnitude of |b8 | visualized in the G, ~, and I directions. Our ap-

proach remains stable under both high-frequency (drag) and low-frequency

(release) conditions, as shown by the consistent mesh integrity and

magnitude distribution. �antitative evaluation of the integration error,∫
Ω
i (x )dx , reveals higher relative errors (up to 23%) during high-frequency

“Drag” phases, while “Release” phases exhibit lower relative errors (approxi-

mately 6%-11%) as the system returns to a lower-frequency state.

Table 1. This table summarizes the experimental setup and timing statis-

tics for all examples discussed in the paper. #DOF is the total number of

simulation DOFs. For multi-object scenarios, the reported statistics are

per-object averages. ΔC is the time step size. wj,wl denotes the sti�ness

for material and collision constraints. We use the nodal position change

∥Δx ∥ between two iterations as the convergence criterion. #Iter. gives the

average total number of LG iterations per-time-step. Cull|Nrw. reports the

timing for collision handling: Cull is for broad-phase culling; and Nrw. is

for the narrow phase. LG reports the total LG iteration times. Total is the

overall simulation times for each time step. All the timing measures are in

milliseconds.

Scene #DOF ΔC wj,wl ∥Δx ∥ #Iter. Cull|Nrw. LG Total

Tree

(Fig. 1)
793K 1

100 7e7, 1e9 2e-3 19 3.5 |13.7 74 95

Letters (sti�er)

(Fig. 14)
534K 1

120 2e7, 1e8 2e-3 18 2.1 |3.3 14 22

Letters (soft)

(Fig. 14)
534K 1

120 1e6, 1e7 2e-3 12 2.1 |3.9 11 19

Blender

(Fig. 15)
499K 1

120 5e6, 5e7 2e-3 18 5.7 |18.3 46 74

Ship

(Fig. 16)
422K 1

100 1e8, 1e9 1e-3 19 11.2 |52.1 56 123

Ship ×20
(Fig. 17)

8.5M 1
100 1e6, 1e9 1e-3 27 174 |1, 303 2, 133 3, 749

Pu�er balls

(Fig. 18)
3.3M 1

120 5e5, 1e9 1e-3 17 33.4 |91.2 783 912

Cloth

(Fig. 19)
150K 1

120 1e4, 1e7 1e-3 42 5.7 |17.8 31 57

Runway

(Fig. 20)
722K 1

60 1e4, 1e7 1e-3 42 7.7 |27.2 133 176

Funnel

(Fig. 21)
523K 1

120 5e5, 1e7 1e-3 32 9.1 |34.3 60 109

a 2-point rule. While this approach utilizes more quadrature points,

it fails to match the superior convergence of our stacking method.

This is because partitioning the space into multiple sub-domains

introduces arti�cial discontinuities at the interfaces and increases

the complexity of the domain management. In contrast, our stacking

strategy allows the GL rule to operate on a single, globally smooth

residual i −�8 , which is signi�cantly better suited for polynomial

approximation. In Fig. 8, the octopus simulation convergence plots

show our stacking approach (blue) outperforms non-stacking sub-

division (orange). By using a globally smooth residual i −�8 , our
method hits 10−4 residual in two iterations.

Sensitivity of domain selections. The sensitivity of our multilevel

quadrature to domain selection is illustrated in Fig. 9. The results

indicate that the coverage of total in�uence within the near-�eld

(
∫
Ω
l8 (b)db) is the most critical parameter. Speci�cally, we observe

a “U-shaped” performance trend where a 70% coverage consistently

yields the fewest iterations across all test cases (A, B, and C); devi-

ations to either higher (80%) or lower (60%) coverage lead to per-

formance degradation. In contrast, the system exhibits signi�cantly

lower sensitivity to middle-�eld coverage, where “90%+” denotes
maximal expansion, and the far-�eld cluster count, both of which

have a marginal impact on convergence rates.
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Fig. 11. Top: Sequential frames showing the rolling motion of a pu�er ball.

Our nested preconditioning (le�) produces visually similar results compared

to the “P2 only” (right). Bo�om: �antitative analysis of computational

e�iciency across 200 frames. Our method (blue) consistently outperforms

the baseline (orange) in both wall-clock time per frame (top plot) and the

number of iterations required for convergence (bo�om plot).

Sensitivity of b’s frequency. Based on our formulation, the multi-

level quadrature scheme exhibits high robustness with respect to

variations in the vector �eld b , as visualized in Fig. 10. By using the

spatial prior that the impulse response u (8) behaves as a localized
kernel-shaped �eld, we can e�ectively decouple the high-frequency

geometric features of the integrand i (x) = D8 (x)1 (x) (stemming

from the sharp peak of u (8)) from the smoother global response

(stemming from b (x)). The key advantage of this approach is that

as long as b (x) maintains reasonable spatial smoothness, the result-

ing residual �eld i (x) −�8 (x) remains exceptionally smooth and

well-suited for accurate, low-degree GL quadrature. This decoupling

allows our method to remain numerically stable and accurate across

both the high-frequency drag phase and the low-frequency release

phase, as evidenced by the consistent mesh integrity and uniform

magnitude distribution of |b8 | shown in Fig. 10. Ultimately, these

results con�rm that our method is largely agnostic of the speci�c

pro�le of b (x), providing a principled balance between computa-

tional e�ciency and physical accuracy without numerical artifacts

often found in sparse sampling methods. We also evaluate the inte-

gration error,
∫
Ω
i (x)dx , relative to the ground truth. The results

indicate that the relative error increases to approximately 20% in

high-frequency scenarios, whereas it remains lower (around 10%)

when b represents a lower-frequency signal.

Nested preconditioning vs P2 preconditioning. Our nested precon-

ditioned CG solver is tailored for scenarios with dense contacts,
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Fig. 12. We compare our method against state-of-the-art PD-based solvers

by simulating three octopi dropping onto a deformable slider (top row),

where all components are modeled using PD. By benchmarking across vari-

ous stages of the simulation sequence, our method consistently achieves

significant speedups in execution time (mid row) and requires fewer itera-

tions to converge (bo�om row) compared to existing PD methods handling

complex contacts.

Initial

Frame 74 Frame 116

Ours XPBD VBDOurs XPBD VBD

Fig. 13. We show the comparison of our method with XPBD and VBD. Our

method uses a time step of ΔC = 1/30 s, whereas XPBD and VBD require

50 substeps (ΔC = 1/1, 500 s) to remain stable. VBD su�ers from significant

numerical damping artifacts, while our approach e�iciently preserves dy-

namic details at a coarser temporal discretization.

such as the pu�er ball simulation shown in Fig. 11. By sequentially

applying contact preconditioning (P2 ) to eliminate high-frequency

errors and elastic preconditioning (P4 ) for structural stability, the

method maintains high e�ciency across the entire sequence. Com-

pared to using P2 alone, the nested solver achieves a 2× speedup,
reducing average per-frame computation time from 3.2 s to 1.7 s and

more than doubling the convergence rate (5.2 vs. 12.5 iterations).

7.3 Comparison with other PD-based algorithms

We also compare our integration-based GPU PD solver with exist-

ing PD-based simulators, including Chebyshev PD [Wang 2015],

Aggregated Jacobi (A-Jacobi) [Lan et al. 2022], and modal-subspace
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Fig. 14. Our three-level quadrature scheme robustly captures both high-

frequency and low-frequency propagation of i at each node. Therefore, our

method is not sensitive to the sti�ness of the model. In this example, we

drop le�ers of “Awesome simulation” into a glass bowl. Le�ers in the top

row are 20× sti�er than those in the bo�om row. There are 534K DOFs in

this test, and our method robustly simulates both scenes using 22 ms (top),

and 19 ms (bo�om).

Fig. 15. This is another collision-heavy scenario of 36 cartoon animals inside

a blender. These models are 10× sti�er than those in Fig. 21. Driven by the

rotating blades, the characters undergo intense collisions and rapid agitation.

Our method handles this complex scene with ease, maintaining a simulation

speed of 74 ms per time step.

Fig. 16. In this simulation, a ship model slides alongside a spiral stair-

case, resulting in highly complex interactions. Our method enables high-

performance simulation through the use of a nested preconditioned CG

solver, processing approximately 123 ms per frame for a setup containing

422K DOFs.

preconditioned PD (Modal-PD) [Lan et al. 2024]. The test is per-

formed by simulating three octopi dropping onto a �exible slider.

We use direct-solver PD as our reference, and compare the total

number of LG iterations as well as the computational time needed

to solve one step along the simulation. The results are plotted in

Fig. 12, and our method outperforms peer methods by a signi�cant

margin. The example shown in Fig. 12 uses a relatively large time

step (ΔC = 1/30 s) with a friction coe�cient of ` = 0.3. For a fair

comparison, we launch all methods with an identical state. As such

a large time step poses stability challenges for other methods across

the entire simulation, we instead employ ΔC = 1/100 s and ` = 0.1

for the other PD variants, and compare their behaviors. Please refer

to the supplemental video for details.

7.4 Comparison with XPBD and VBD

We further compare our method against XPBD and VBD, both

of which are lightweight and GPU-parallelized via colored Gauss-

Seidel schemes. We use a standard time step size of ΔC = 1/30 s,

whereas XPBD and VBD require 50 substeps (ΔC = 1/1, 500 s) to

maintain stability for the same simulation setup (Fig. 13). Under this

con�guration, our method requires 37 ms per time step, achieving

a 7.6× and 5.5× speedup compared to XPBD and VBD, respectively.

This substantial performance gain stems from our ability to handle

sti� dynamics e�ciently at coarser temporal resolutions without

incurring numerical explosion. In contrast, while alternative GPU-

parallel solvers bypass the computational overhead of global system

inversions, their reliance on local constraint projections or simpli-

�ed impulses mandates severe substepping to prevent constraint

violation and simulation blow-up. Furthermore, even at a �ne sub-

step size of ΔC = 1/1, 500 s, VBD exhibits pronounced numerical

damping artifacts (see Fig. 13-VBD). This highlights a fundamental

trade-o� in existing lightweight formulations: forcing stability via

excessive substepping or heavy damping inevitably compromises

physical �delity, whereas our method preserves high-frequency

details while maintaining unconditional robustness at large time

steps.

7.5 More results

Finally, we report several more complex simulation examples using

our method. Fig. 14 shows snapshots of the �rst experiment, where

we drop the letters of Awesome simulation into a bowl. We perform

two sets of simulations: the letters on the top row are 20× sti�er than
those on the bottom row. Unlike other PD-based algorithms, our

method is not sensitive to the sti�ness of the object. This is because

our multi-level integration captures both high-frequency and low-

frequency kernel in�uences across the model. In this experiment,

there are 534K DOFs in the scene, and our method takes 19 ∼ 22 ms

to simulate one time step.

Fig. 15 reports another collision-heavy example, where we put

36 cartoon animals into a blender. As the blender blades rotate, the

characters are agitated and collide frequently. Our method handles

this scene with ease, and the simulation runs at 74 ms per time step.

Fig. 16 showcases a high-�delity physical simulation involving

a ship model interacting with a complex static geometry (a spi-

ral staircase). The simulation captures the ship sliding alongside

ACM Trans. Graph., Vol. 45, No. 6, Article 218. Publication date: December 2026.



Multi-level �adrature for Projective Dynamics • 218:15

Fig. 17. When increasing the scene complexity to 20 ship models, the simulation scales e�ectively. Despite the scenario involving nearly 8.5M DOFs, the

computational cost remains low at only 3.7 s per frame.

Fig. 18. In this simulation, pu�er balls totaling 3.3M DOFs stack within a glass container, resulting in intricate multi-body collisions. Our method demonstrates

high e�iciency in this collision-intensive scenario, requiring only 912 ms per frame.

Fig. 19. For 2D manifolds, the integration domain degenerates, e�ectively

reducing the required quadrature points compared to volumetric models.

Here, five high-resolution tablecloths (totaling 150K DOFs) interact with a

teapot. Ourmethod captures intricate folding pa�erns in real-time, requiring

only 57 ms per time step.

Fig. 20. We further evaluate our method using a cloth simulation of a

runway walk. As the avatar moves, it generates complex self-collisions and

cloth-avatar interactions. This setup involves 722K DOFs and achieves a

performance of 176 ms per frame.

and through the railings and steps of a spiral staircase. This cre-

ates a high volume of highly complex interactions as the various

components of the ship (hulls, masts, and sails) collide with the

Top view

Front view

Fig. 21. Our method also performs well in scenarios involving intensive

collisions and contacts. In this example, six so� bodies are placed in a funnel

with a narrow bo�om outlet. A heavy metal disk moves downward, pushing

all objects through the funnel. There are 523K DOFs in this scene, and our

method robustly completes the simulation, taking 109 ms per time step.

thin, repeating structures of the stairs. The setup is composed of

422K DOFs, indicating a high-resolution mesh capable of capturing

detailed deformations or multi-body dynamics. Despite the high

DOF count and interaction complexity, the method achieves a pro-

cessing speed of approximately 123 ms per frame. The experiment

ACM Trans. Graph., Vol. 45, No. 6, Article 218. Publication date: December 2026.
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demonstrates the e�ectiveness of a nested preconditioned CG. This

approach is highlighted for enabling high-performance simulation.

We evaluated the scalability and robustness of our method by

signi�cantly increasing the scene complexity, as illustrated in Fig. 17.

In this experiment, the simulation was expanded to include 20 ship

models interacting within a con�ned environment. Our simulation

framework scales e�ectively as the number of interacting bodies and

geometric complexity increase. The scenario involves nearly 8.5M

DOFs, demonstrating the solver’s ability to handle massive systems.

Despite the extreme complexity of the scene, the computational

cost remains remarkably low, requiring only 3.7 s per frame. Our

method maintains physical stability and performance even when

managing the dense, multi-body collisions inherent in such a high-

DOF environment.

We simulate the stacking of multiple pu�er balls within a glass

container as shown in Fig. 18. This experiment involves approx-

imately 3.3M DOFs and generates a massive volume of intricate

multi-body collisions as the �exible bristles of the pu�er balls in-

terlock and compress. Despite the signi�cant geometric complexity

and the intensive nature of the contact constraints, our method

demonstrates exceptional e�ciency, processing the simulation at a

rate of 912 ms per frame. The visual results in Fig. 18 con�rm that

our approach maintains physical stability throughout the stacking

process, e�ectively capturing the complex deformation and collec-

tive behavior of the objects without compromising computational

performance.

Our method is even more e�ective for cloth simulation, as the

integration domain degenerates to 2D and becomes more regular.

This leads to a smaller number of quadrature points. Fig. 19 shows an

experiment where �ve pieces of high-resolution tablecloth fall onto

a teapot. There are 150K DOFs in total. Our method produces high-

quality cloth animation interactively, taking 57 ms per time step. We

further evaluate our method using a cloth simulation of a runway

walk, as illustrated in Fig. 20. As the avatar moves, the simulation

successfully generates complex self-collisions and intricate cloth-

avatar interactions. This speci�c setup involves 722K DOFs and

achieves a performance of 176 ms per frame, demonstrating the

e�ciency of our approach in dynamic scenarios.

Fig. 21 shows another challenging simulation for PD-based solvers.

In this test, we put six soft 3D objects into a funnel-like container.

After all objects reach the bottom, we push them out of the funnel

with a metal disk. There are 523K DOFs in the scene, involving

extensive static contacts among the models and the collider. Our

method e�ciently simulates the scene, taking 109 ms for each time

step.

A more complex simulation is reported in the teaser �gure, where

the tree branches consist of about 800K DOFs. To further enrich the

visual e�ects, we also attach 23.5K deformable leaves (which do not

participate in collision detection). Our method simulates this scene

at an interactive rate, requiring only 95 ms per step.

8 Conclusion

We have presented a novel integration-based perspective to resolve

the computational bottleneck in PD. By interpreting dense vector

products as integrals, we expose the spatial structure of the under-

lying impulse-response kernels. This view leads to a multi-level

quadrature strategy that approximates near, middle, and far �elds

di�erently, yielding a sparse yet accurate estimate of the global solve,

and preserving GPU-friendly parallelism. In collision-free settings,

a smaller number of iterations provides convergence comparable to

a direct PD solve; while in contact-rich scenarios, our nested precon-

ditioner combines the quadrature-based collision-free solve with a

lightweight contact solve to accelerate PCG for the time-varying

global system. Across high-resolution deformable simulations, our

experiments show that this integration-oriented sparsi�cation en-

ables robust convergence and substantial speedups over existing

PD-based solvers.

Our method is most e�ective when the collision-free system ma-

trix remains �xed. If material parameters, boundary conditions, or

time step sizes vary, the quadrature distributionmust be recomputed.

Consequently, our method is not well-suited for scenarios requir-

ing real-time user adjustment of material parameters or dynamic

updates to boundary conditions.
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